Abstract. We show that finitely generated Cox rings are Gorenstein. This leads to a refined characterization of varieties of Fano type: they are exactly those projective varieties with Gorenstein canonical quasicone Cox ring. We then show that for varieties of Fano type and Kawamata log terminal quasicones, iteration of Cox rings is finite with factorial master Cox ring. Moreover, we prove a relative version of Cox ring iteration for almost principal solvable G-bundles.
Introduction
Let X be a normal algebraic variety over the field C of complex numbers. If X has finitely generated divisor class group Cl(X), one can define its Cl(X)-graded Cox ring R(X) := Cl(X)
Γ(X, O X (D))
and ask if it is a finitely generated C-algebra. If so, X is called a Mori Dream Space (MDS) due to Hu and Keel [29] , who showed that this property is equivalent to a good behaviour with respect to the minimal model program, whence the name. Note that this definition differs from the original one of Hu and Keel, as we do not assume X to be projective and Q-factorial, and in that R(X) is graded by Cl(X), not Pic(X). Moreover, some care has to be taken if Cl(X) has torsion. The original reference for this case is [9] , where also the case of non-finitely generated R(X) is investigated. See also the comprehensive work [5] .
Examples of MDS include toric [14] and more general spherical [12] varieties as well as certain ones with an action of a torus of lower dimension, see [26] . It was shown in [10] that varieties of Fano type -i.e. projective varieties admitting an effective Q-divisor ∆ such that −(K X + ∆) is ample and (X, ∆) is Kawamata log terminal (klt) -are MDS.
Cox rings of MDS enjoy many nice properties: The Cl(X)-grading induces an action of the characteristic quasitorus H X := Spec C[Cl(X)] on the total coordinate space X := Spec R(X), and there is an open subvariety X ⊆ X with complement of codimension at least two such that X is isomorphic to the good quotient X / / H X . We call X the characteristic space.
In [9] and with different methods in [17] and [3] it was shown that if Cl(X) is free, then R(X) is factorial and thus in particular it is Gorenstein, i.e. the canonical class K X is Cartier. If Cl(X) is not free, then R(X) is still factorially graded in the sense that homogeneous elements can be expressed as a unique product of irreducible homogeneous ones, see [3] , but properties such as Gorensteinness do not follow from this. Moreover, it was shown independently in [20, 13, 30 ] that a projective variety X is of Fano type if and only if R(X) is log terminal. Analogously, (projective) MDS are shown to be of Calabi-Yau type if and only if R(X) is log canonical [30, 20] . In [13] , Brown also observed that if X is smooth and Fano, then R(X) is Gorenstein canonical. Our first result is the following: Theorem 1. Let X be an MDS. Then R(X) is Gorenstein.
As Brown points out [13] , a finitely generated Cox ring need not be Cohen Macaulay. But since K X is Cartier, if e.g. R(X) has rational singularities, it is not only Cohen Macaulay, but even canonical.
Recall that a quasicone is an affine variety with a C * -action such that all closures of C * -orbits meet in one common point, the vertex. We will call the coordinate ring of such affine variety a quasicone as well. In fact, for an MDS that is either complete or itself a quasicone, R(X) is a quasicone, cf. Proposition 4.4.
By [35, Le. 5 .1], quasicones have trivial Picard group (normality is essential here, see Remark 4.3), yet the whole class group is generated by the local class group at the vertex and K X is even trivial if X is Gorenstein. In fact, klt quasicones turn out to be the affine counterparts of Fano type varieties, so we can refine the characterization from [20, 13, 30] :
Theorem 2. Let X be projective (affine). Then it is of Fano type (a klt quasicone) if and only if R(X) is a Gorenstein canonical quasicone.
Note that the property 'Fano type / klt quasicone' does not only guarantee MDS-ness, but is also preserved when passing to the total coordinate space X. Thus it is natural to consider the Cox ring and total coordinate space X (2) := X of X (1) := X, then the ones of X (2) etc., we call this the iteration of Cox rings. Iteration of Cox rings has been introduced by Arzhantsev, Hausen, Wrobel and the author in [4] for affine rational varieties with a torus action of complexity one. In general, for an MDS X, three scenarios are possible: either X has infinite iteration of Cox rings, or at some point X (N ) , the iteration stops. The latter may have two reasons: either X (N ) is non-MDS or it is factorial, i.e. its own total coordinate space. We call C[X (N ) ] the master Cox ring of X. It was shown in [4] that log terminal quasicones with a torus action of complexity one have finite iteration of Cox rings with factorial master Cox ring. In [27] , Hausen and Wrobel determined which non-quasicone affine rational varieties with a torus action of complexity one have finite iteration with factorial master Cox ring. In fact, it can be deduced from their observations that all rational varieties with a torus action of complexity one have finite iteration of Cox rings, though with possibly non-MDS master Cox ring. Toric varieties -in a trivial way, since R(X) is a polynomial ring -and also spherical varieties -see [19, Note that for any i ≤ N , the quasitorus quotients in the iteration of Cox rings can be combined to express X as a GIT-quotient X (i) ss / / G of X (i) by a solvable group G, see Proposition 5.3. In the case of log terminal surface singularities, this yields the presentation as finite quotients of C 2 and, in addition, the derived normal series of the respective finite groups, see [4] . Note that our observations till now guarantee MDS-ness of all X (i) in the iteration of Cox rings for klt quasicones and thus Fano type varieties, but they do not yield finiteness of the iteration. To prove this, we use a theorem of Greb, Kebekus and Peternell [21, Thm. 1.1], stating (roughly) that in a sequence of finite morphisms between klt spaces that areétale over smooth loci all but finitely many must beétale.
In order to apply this result, we need to pass from in general nonfinite quasitorus quotients to finite Galois covers. This is made possible by the observation made in Corollary 2.4, which we state here as Lemma 1 as it is essential for most of our statements, including Theorem 1 on Gorensteinness of the Cox ring. For convenience, we will mostly depict torus quotients by vertical, finite quotients by horizontal and quasitorus quotients by diagonal arrows. 
Here, (i) is essential in the proof of Theorem 1 as it allows to reduce to the case of finite Cl(X) while (ii) allows to pass from quasitorus quotients to finite Galois covers in the proof of Theorem 3. The first main ingredience of Lemma 1 is a theorem of Bechtold [8, Thm. 1.5] , stating that factoriality of a grading (which is essential for Cox rings) is preserved when changing the free part of the grading group. The second underlying observation is that if an MDS X has a quotient presentation . In analogy to [5] , the term quotient presentation will be used only for abelian quotients in the following.
In 
Note that if for example X 1 has finite iteration of Cox rings with non-MDS master Cox ring C[X 
Preliminaries
In this section, we shortly discuss notions and definitions relevant for the article, where for a detailed discussion we refer to [29, 9, 5, 34] . Further definitions are given directly in the respective sections.
Notions for singularities of pairs are standard, we refer to [32] . A variety of Fano type is a projective variety X, such that there exists an effective Q-divisor ∆ with (X, ∆) klt and −(K X + ∆) ample.
We use the following notions concerning the Picard and divisor class group: if Cl(X) is trivial (torsion), we say X is factorial (almost factorial). If Cl(X)/Pic(X) is trivial (torsion), we say that X is locally factorial (Q-factorial).
Our object of interest are Mori Dream Spaces (MDS), which for us will be normal algebraic varieties with a finitely generated divisor class group and finitely generated Cox ring
The original definition [29, Def. 1.10] of Hu and Keel was in terms of a good behaviour with respect to the minimal model program, but they showed in [29, Prop. 2.9 ] that this is equivalent to a finitely generated Picard group Pic(X) and Pic(X)-graded Cox ring at least for Q-factorial projective varieties. These definitions have been generalized to not necessarily separated prevarieties and Cl(X)-graded Cox rings [25, 5] . Sometimes only the free part of Cl(X) is taken, but the differences are then limited to finite abelian covers, see [20, Ch. 2, 5] . 
This notion naturally comes into play in the setting of Cox rings, as the representation of an MDS X as the quotient X / /H X is of such kind, see [5, Prop. 1.6.1.6]. In fact, V can always be chosen to be the regular locus of X. Moreover, the quotient presentations from [5, Def. 4.2.1.1] having the property that the Cox construction factors through them are almost principal quasitorus bundles with the additional assumption that all invertible functions homogeneous with respect to the grading group are constant. We will in the following use the notions quotient presentation and almost principal quasitorus bundle interchangeably, where we assume only constant invertible homogeneous functions and that V from Definition 2.1 can be chosen as X reg .
Okawa has shown in [36] that if f : X → Y is a surjective morphism of projective varieties and X is an MDS, then Y is as well. Bäker showed in [7] that the same holds if f : X → Y = X/ /G is a quotient presentation with not necessarily projective normal X and a reductive affine algebraic group G. We can in fact say more if G is a quasitorus: Before proving Proposition 2.2, we state a corollary that is crucial for both Gorensteinness of Cox rings and finiteness of Cox ring iteration. It shows that among the quotient presentations of X, the two exceptional ones X/E → X and X / / T → X -with E and T being the torsion and torus part of H X -have very special properties.
Moreover, if Y is an MDS, then X is so and we get the enhanced diagram
Y v v • • • • • " " ❊ ❊ ❊ ❊ ❊ ❊ X , , ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ ❨ # # • • • • • • Y u u ❦ ❦ ❦ ❦ ❦ # # ❍ ❍ ❍ ❍ ❍ ❍ X , , ❩ ❩ ❩ ❩ ❩ ❩ ❩ ❩ ❩ ❩ ❩ ❩ Y
Corollary 2.4 (Lemma 1). Let X be an MDS and H X = E × T its characteristic quasitorus with torsion and torus part E and T respectively. We have the following:
(i) The Cox rings of X and of the geometric quotient X E := X/E coincide.
In particular, X E is a quasiaffine MDS and almost factorial.
(
ii) The characteristic space X is an MDS if and only if X T := X / / T is an MDS and in that case, their Cox rings coincide.
Proof. The assertions follow directly if one of E or T is trivial -note that X is factorial in the first case. So assume that none of them is trivial. We begin with (i). By Proposition 2.2, since X E → X is an almost principal torus bundle, both share the same Cox ring. Thus E is the characteristic quasitorus of X E and since it is finite and X E is open in X/E, which is affine, it is quasiaffine and almost factorial. Also (ii) follows directly from (i) of Proposition 2.2. The following proposition uses reduction to positive characteristic. We refer to [28, 23, 40] for definitions and details, with an emphasis on Cox ring related problems in [20, 1] .
Since R(Y ) is factorially Cl(Y )-graded and Cl(Y ) = X(H Y /H) × X(H), it is factorially X(H Y
The main purpose of [24] is to show how properties are preserved by almost principal fiber bundles. In the same spirit, varying [32, Prop. 5.20], we show the following on preservation of log-terminality. Remark 2.7. If [24, Thm. 13.14] is valid for pairs as well, then we can state Proposition 2.6 also for pairs (X, ∆ X ), (Y, ∆ Y ). Also note that there is a different definition of being of locally F -regular type than the one used above. Namely the a priori stronger one that Z is covered by affine globally F -regular subsets, see [40, Def. 3.1] . One can show that these two notions are in fact equivalent, see [39] with slightly different definitions.
Proposition 2.6. Let ϕ : X → Y := X / / G be an almost principal G-bundle with
The statement of Proposition 2.6 has a different, more local nature than the corresponding ones [20, Prop. 4.6] and [1, Prop. 7.17 ]. These guarantee not only log-terminality but the global property of being of Fano type for a variety X if the Cox ring is log-terminal. Combining these two viewpoints, we get the following.
Corollary 2.8. Let X be a log-terminal MDS that is not of Fano type. Then the complement of X in X contains all non log-terminal singularities of X.

Cox rings are Gorenstein
The purpose of this section is to prove Theorem 1. For convenience, we state it here again in the following form: 
Note that even if R(Y) exists, it may differ from R(X). Now since K Y is Cartier and X → Y is unramified over Y reg , also K X is Cartier, see [32, Prop. 5.20] . So R(X) is numerically Gorenstein. The additions follow directly.
In general, one cannot expect K X to be trivial, though K Y is. An important class of varieties where this is true are the quasicones from Section 4.
Quasicone Cox rings
In [10] , it was shown that varieties of Fano type are MDS. So in a way, the Fano type property guarantees MDS-ness, while non Fano type varieties may or may not be MDS. In this section, we give a criterion (namely being a klt quasicone) for affine varieties that guarantees MDS-ness and, moreover, guarantees preservation of MDS-ness by taking Cox rings. This is exactly what we need for iteration of Cox rings. Since we also show that Cox rings of Fano varieties are such quasicones, one can say that also the Fano type property not only guarantees MDS-ness but also its preservation. has homogeneous generators a 1 , . . . , a n of strictly positive degree.
For a set of homogeneous generators of A as in (iii) and the corresponding embedding of X into C n , the origin is the common point of the orbit closures from (i), it is called the vertex of X. We refer to [15, 16] for detailed treatments of quasicones. Proof. First assume X has only constant global regular functions. We have a decomposition H X = E × T of the characteristic quasitorus of X with nontrivial torus part T, since otherwise X = X E would be quasiaffine with Proposition 2.4. Then the finite morphism X T → X is proper, hence X T is complete. Consider the Z k -grading of A := R(X) corresponding to the quotient X → X T , observe A 0 = C and set m = A \ A 0 . Since the weight cone contains no line, by appropriately projecting onto Z, we can assume k = 1 and X is a quasicone. Now let X be a quasicone. Here the coordinate ring A := C[X] is Z ≥0 -graded and generators and relations of A are of strictly positive degree. The grading of A can be lifted to R(X) and thus R(X) is Z dim(H)+1 graded, where H is the characteristic quasitorus of X. As we have R(X) 0H = A 0 = C, the Z dim(H)+1 -weight cone of R(X) again contains no lines and by appropriately projecting onto Z, we see that X is a quasicone.
The remaining assertions follow directly from X being a quasicone. [10, Sec. 1.3] , R(Y ) and thus R(X) is finitely generated. Since X is klt, it is of globally or equivalently locally F -regular type, see [41, Cor. 3.4] and for the equivalence [40] . On the other hand, since R(X) is a Gorenstein quasicone by Theorem 3.1 and Proposition 4.4, it is of F -regular type if and only if it is canonical. Now we follow exactly the lines of [20, Proof of Thm. 4.7] and see that R(X) is canonical. If X is affine and R(X) is a Gorenstein canonical quasicone, we still have to show that X is a quasicone, i.e. the converse of Proposition 4.4 in the affine case. But this is clear since if T X ⊆ T is the torus part of H X inside the maximal torus T acting on X, then with respect to the corresponding Z dim(TX ) -grading of R(X), we have C = C[X] ⊆ R(X) 0 , i.e. dim(T/T X ) ≥ 0 and C[X] 0 = C with respect to the corresponding Z dim(T/TX ) -grading. By projecting to Z as in the proof of Proposition 4.4, we see that X is a quasicone.
Iteration of Cox rings
Iteration of Cox rings has been introduced for varieties with a torus action of complexity one in the work [4] by Arzhantsev, Hausen, Wrobel and the author. • For each i ∈ N, X (i) is an MDS with nontrivial divisor class group Cl(X (i) ). We say that X has infinite iteration of Cox rings and set N := ∞.
• For some N ∈ N, either X (N ) is not an MDS or it is factorial. We call R(X) := K[X (N ) ] the master Cox ring of X. In this case the diagram 5.1.1 is finite and we say that X has finite iteration of Cox rings.
-If X (N ) is factorial, we say that X has factorial master Cox ring.
is not an MDS, we say that X has non-MDS master Cox ring. 
/ /H0 / / X can be retrieved by setting
Proof. By [4, Proof of Thm. 1.6], for each i ≤ N , we can represent X as a quotient of X (i) by solvable groups G i defined by G 1 := H 0 and a certain semidirect product is principal in order to apply [6, Prop. 3.5] . But this holds since [19] , it was shown that spherical varieties have finite iteration of Cox rings with factorial master Cox ring and at most two iteration steps.
In [4] , Arzhantsev, Hausen, Wrobel and the author showed that for log terminal singularities with a torus action of complexity one, Cox ring iteration is finite with factorial master Cox ring. Moreover, the possible chains for these singularities have been calculated explicitly in [4, Rem. 6.7] . In dimension two, one retrieves exactly the representation of the log-terminal singularities as finite quotients of C 2 , i.e. the Cox ring iteration chains of those singularities form a tree with the single root C 2 , see [4, Ex. 4.8] . In [4, Thm. 1.9] , also the Cox ring iteration tree for compound du Val threefold singularities with a two-torus action has been given, and it can be seen that the Cox rings preserve the compound du Val property. Moreover, in the work [11] by Hättig and the author one can find the Cox ring iteration tree of canonical threefold singularities with a two-torus action. It turns out that all master Cox rings here are compound du Val as well.
In [27] , Hausen and Wrobel gave criteria for affine varieties with a torus action of complexity one to have finite iteration of Cox rings with factorial master Cox ring. In fact, one can directly verify from their computations that all varieties with a torus action of complexity one have finite iteration of Cox rings, though with possibly non-MDS master Cox ring.
The following relative version of Cox ring iteration is the first generalization of Proposition 2.2, from which then directly follows the most general version, the web of Cox ring iterations from Theorem 4. We can of course reduce this question to the case when Pic(X) has torsion, since if not we already know that X is factorial.
The second way an affine MDS X can differ from klt quasicones is having bad singularities. Let us isolate this case from the other one by assuming X is a quasicone. Then by our reduction to finite (solvable) covers, this case becomes closely related to questions about local fundamental groups of non log terminal singularities. Evenétale local fundamental groups of non log terminal singularities can be infinite already in the surface case: triangle singularities are MDS quasicones with finite iteration of Cox rings (with possibly non-MDS master Cox ring) but their local fundamental groups are the triangle groups, which are residually finite, i.e. their profinite completions are infinite. We can still hope for the following in the spirit of [ 
